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Witten’s observables of topological Yang-Mills theory, defined as classes of
an equivariant cohomology, are re-obtained as the BRST cohomology classes
of a superspace version of the theory.
1 Introduction
Observables in topological theories are global, such as knot invariants in Chern-
Simons theory, Wilson loops, etc. The problem of nding all of them is a problem of
1Talk presented by Olivier Piguet at the 2nd International Londrina Winter School Mathemat-
ical Methods in Physics, 2002, Londrina, Brazil.
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\equivariant cohomology", as already pointed out by Witten in 1988 in the frame-
work of 4-dimensional topological Yang-Mills theory[1, 2, 3]. In the latter case,
there exists an equivalent approach based on a superspace formalism introduced
soon thereafter by Horne[4, 5], which reduces the problem to that of looking for the
BRST cohomology in a supersymmetric context. Our aim is to present and develop
this formalism, as well as to generalize it to other models, such as topological gravity
for instance.
This talk is the summary of a more extended work in preparation[6].
2 4-Dimensional Topological Yang-Mills Theory
The gauge connection is given by the matrix valued 1-form a = aaµTadx
µ, where the
matrices Ta form a basis of the gauge Lie algebra, with
[Ta, Tb] = fab
cTc , Tr (TaTb) = δab . (2.1)
Topological Yang-Mills theory[1] is characterized, beyond the usual Yang-Mills
gauge invariance, by the \shift supersymmetry" dened by the innitesimal trans-
formations
~Qa = ψ , ~Qψ = −dφ− [a, φ] , ~Qφ = 0 , (2.2)
where the components of the 1-form ψ are fermions and φ is a bosonic 0-form.
The innitesimal gauge transformations parametrized by ω read as
δYMa = dω + [a, ω] , δYMψ = [ψ, ω] , δYMφ = [φ, ω] .
One checks that the square of the supersymmetry operator ~Q is equal to an innites-
imal gauge transformation, with parameter ω substituted by the eld φ. Thus ~Q is
nilpotent on gauge invariant quantities. This led Witten to dene the observables
of the theory as the cohomology classes of ~Q in the space of the gauge invariant
operators, which is a problem of equivariant cohomology[2, 3]: a gauge invariant
operator O belongs to the equivariant cohomology of ~Q if
~QO = 0 , but O 6= ~QP , with the conditions: δYMO = 0 , δYMP = 0 .
One can also interpret this formalism as the gauge xing of the shift supersym-
metry considered as a local \gauge" invariance, with a Yang-Mills-invariant gauge
xing condition of the type f(a)  da + a2 = 0, or f = f , where  is the Hodge




Enlarging the d-dimensional spacetime, of coordinates xµ (µ = 0,    , d − 1), with
one fermionic dimension described by a Grassmann (i.e. anticommuting) coordinate
θ, with θ2 = 0, we dene a superfield as a superspace function
F (x, θ) = f(x) + θf 0θ(x) ,
which transforms under a supersymmetry (SUSY) transformation as
QF = ∂θF or, in components: Qf = f
0 , Qf 0 = 0 . (3.1)
By construction the SUSY operator is strictly nilpotent: Q2 = 0. Introducing the





where Ωp−k(x, θ) = ωp−k(x) + θω0p−k(x) is a (p− k)-form in x-space with supereld
coecients, as well as the exterior superderivative:
d^ = d+ dθ∂θ = dx
µ∂µ + dθ∂θ , with d^
2 = 0 . (3.2)
A supergauge theory will be based on a superconnection, the 1-superform2
A^ = A(x, θ) + dθ Aθ(x, θ) = a(x) + θψ(x) + dθ (χ(x) + θφ(x)) ,
a Faddeev-Popov ghost 0-superform
C(x, θ) = c(x) + θc0(x) ,
and the corresponding BRST transformations
sA^ = −(d^C + [A^, C]) , sC = −C2 , s2 = 0 .
The latter read, in components:
sa = −Dc , sψ = −[c, ψ]−Dc0 , sχ = −[c, χ]− c0 ,
sφ = −[c, φ]− [χ, c0] , sc = −c2 , sc0 = −[c, c0] . (3.3)
The Wess-Zumino gauge:
One observes that the component eld χ(x) is a pure gauge degree of freedom w.r.t.
to the c0-transformation in (3.3). The gauge invariance corresponding to the ghost
c0(x) can be xed by the \Wess-Zumino gauge" condition χ = 0 . This condition,
which is not preserved by the SUSY transformations (3.1), is however stable with
respect to the modied[7] transformations ~Q = Q + sjχ=0, c=0, c′=φ obtained by
adding to the SUSY operator Q a eld dependent supergauge transformation. It
is easy to check that this new SUSY transformation reproduces, for the \physical"
elds a, ψ and φ, the original transformations given by (2.2).
2All forms and superforms in this paper are Lie algebra valued: Φ = ΦaTa, see (2.1).
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Cohomology of the SUSY operator Q:
According to (3.1), the component elds are grouped in doublet representations of
the nilpotent superspace SUSY operator Q. It follows[8, 9] that the cohomology
of Q is trivial: every form or superform which is Q-invariant is the Q-variation of
another form or superform. This obviously distinguishes Q from its Wess-Zumino
gauge version ~Q which is nilpotent only when applied to gauge invariant quantities,
and moreover has a nontrivial equivariant cohomology[1].
4 Observables in the superspace formalism
The equivalence of the superspace theory with the one originally proposed by Witten,
the latter being a Wess-Zumino gauge xed version of the former, suggests to dene
an observable O in superspace as a BRST cohomology class:
sO = 0 , but O 6= sP , (4.1)









QO = 0 , QP = 0 . (4.2)
The latter condition and the triviality of the cohomology of Q implies now that, up
to a possible total derivative which can be discarded without loss of generality, the
integrand of O { the p−form ωp { is Q-exact:







which is the superspace integral of a \supereld form", i.e. of a space-time form
whose coecients are superelds.
5 General solution
The general solution of the BRST cohomology problem (4.1) with the SUSY invar-
iance condition (4.2) consists of the two classes described below. For a proof that
there are no other solutions, see Reference [6].
3The space-time dimension will not be fixed a priori. The space-time integrals are performed
over an arbitrary p-manifold or submanifold Mp.
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5.1 Equivariantly Trivial Solutions




Q D−pHp(FA,Ψ,, DAΨ, DA) , (5.1)
where Hp is a gauge invariant function of the supereld forms FA, Ψ and  and
their covariant derivatives DAΨ = dΨ+[A,Ψ] and DA. These supereld forms are
the components of the supercurvature F^  d^A^+ A^2,
F^ = FA + Ψ dθ +  (dθ)
2 , (5.2)
with
FA = dA+ A
2 , Ψ = ∂θA+DAAθ = ψ +Daχ+O(θ) ,
 = ∂θAθ + A
2
θ = φ+ χ
2 +O(θ) .
Their BRST transformations read as
sFA = −[C, FA] , sΨ = −[C,Ψ] , s = −[C,] .
The solutions (5.1), although nontrivial in the sense of the BRST cohomology, are
trivial in the sense of the equivariant cohomology. Indeed, in the Wess-Zumino
gauge, they conserve the same form as in (5.1), but with A, FA, Ψ and  replaced
by a, Fa = da + a
2, ψ and φ, and the operator Q replaced by ~Q: the result is then
explicitly given by the ~Q-variation of a gauge invariant integral.
5.2 Equivariantly Nontrivial Solutions
The solutions of the BRST cohomology problem (4.1) which are nontrivial in the
sense of the equivariant cohomology are given in terms of superforms by the following
superspace algorithm.
1. Consider all the superforms Ω^D(x, θ) (of ghost number 0 and superform
degree D) which are nontrivial solutions of the cohomology H(sjd^) of s modulo d^
in the space of the superforms made of polynomials of the basic superforms A^(x, θ),
C(x, θ), d^A^(x, θ) and d^C(x, θ). Nontriviality in the sense of the cohomology H(sjd^)
for a superform Ω^ means
sΩ^ = 0 (modulo d^) , but Ω^ 6= s^ (modulo d^) .
These Ω^D are nontrivial solutions of sets of \superdescent equations"
sΩ^D + d^Ω^
1




D−2 = 0 ,    , sΩ^D0 = 0 . (5.3)
5
Here the exponent g of the superform Ω^gp denotes its ghost number, i.e. its degree
in the supereld ghost C or its components. The index p denotes its degree as a
superform.






The space-time forms wp are our solutions:
swp(x) = 0 (modulo d) , and Qwp(x) = 0 .
This follows from the identity d^ QF (x, θ) = dQF (x, θ), which is a direct conse-
quence of the denition (3.2).





where the space-time forms ωp are the coecients of the superform QΩ^D, where Ω^D
represents a nontrivial solution of the superdescent equations (5.3).
5.3 Solution of the Superdescent Equation
The nontrivial observables are thus completely determined from the general solution
of the superdescent equations (5.3). The latter is given by the generalization to the





(A^)fr2(F^ )   frL(F^ ) , with D = 2
L∑
i=1
mri − 1 , L  1 , (5.4)
where fr(F^ ) is the supercurvature invariant of degree mr in F^ corresponding to the
gauge group Casimir operator of degree mr, and θ
CS
r (A^) is the associated Chern-
Simons form:
d^θCSr (A^) = fr(F^ ) .
We note that the superform degree of the solution (5.4) is odd.
One nally checks that, upon reducing the result to the Wess-Zumino gauge, one
recovers the observables originally given by Witten[1].
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6 Example












0 = 0 , sΩ^
3
0 = 0 .
The unique nontrivial solution is
Ω^3 = Tr (A^d^A^+
2
3
A^3) , Ω^12 = Tr (A^d^C) , Ω^
2
1 = Tr (Cd^C) , Ω^
3
0 = −13 TrC3 .
Note that Ω^3 is the Chern-Simons superform: d^Ω^3 = Tr (F^
2).







w0 = Tr (φ
2 + 2φχ2) , w1 = Tr 2(ψφ+ φDχ+ ψχ
2) + d(  )
w2 = Tr (2φFa + 2ψDχ+ ψ
2) + d(  ) , w3 = Tr (2ψFa) + d(  )
In the Wess-Zumino gauge (χ = 0):
w0 = Tr (φ
2) , w1 = Tr (2ψφ) + d(  ) ,
w2 = Tr (2φFa + ψ
2) + d(  ) , w3 = Tr (2ψFa) + d(  )
which corresponds to Witten’s result up to total derivatives.
7 Conclusion
The superspace BRST cohomology which we have advocated as an alternative de-
nition of the observables of a topological theory of the Yang-Mills type, reproduces
Witten’s original result using a rather straightforward extension to superspace of
standard results on BRST cohomology[9]. However it is also realized that another
type of solutions exists, which are nally proved to be trivial in the sense of equivari-
ant cohomology. The main diculty which had to be overcome was to show[6] that
there are no other solutions to the problem of the superspace BRST cohomology.
These results lead us to wonder about the applicability of such an approach to the
construction of observables in more complex systems, for example topological grav-
ity and Yang-Mills theories with more than one supersymmetry generator. These
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